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Abstract 

We investigate the influence of the intersection of the S^-maximal subgroups on the structure 
of a finite group. In particular, answering a question of L.A Shemetkov we give conditions under 
which a hereditary saturated formation 5" has a property that for any finite group G, the 
hypercentre of G coincides with the intersection of all 3^-maximal subgroups of G. 



1 Introduction 

Throughout this paper, all groups are finite. We use N, § and U to denote the classes of all nilpotent, 
of all soluble and of all super soluble groups respectively. 

Let X be a class of groups. The symbol 7r(X) denotes the set of all primes p such that p divides 
|G| for some G € X. A chief factor H/K of a group G is called X-central in G provided (H/K) xi 
{G/Cg{H/K)) € X (see pL, p. 127-128]). A normal subgroup iV of G is said to be X-hypercentral 
in G if either = 1 or A'^ 7^ 1 and every chief factor of G below is X-central in G. The symbol 
Zx{G) denotes the X-hypercentre of G, that is, the product of all normal X-hypercentral subgroups 
of G [2, p. 389]. If 1 € X and G is a group, then we write G"^ to denote the intersection of all normal 
subgroups N oi G with G/N € X. A group G is called s-critical for X or simply X-critical if G is 
not in X but all proper subgroups of G are in X [2, p. 517]. A subgroup C/ of a group G is called 
X-maximal in G provided that (a) C/ € X, and (b) if [/ < F < G and F G X, then U = V [2,-p. 288]. 

Some classes of X-maximal subgroups (X-projectors, X-injectors, X-covering subgroups and at 
al) have been studied by a large number of authors and they play an important role in the theory 
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of soluble groups [2j. In this paper, we investigate the influence of the intersection of all X-maximal 
subgroups of a group G on the structure of G. We denote this intersection by Intx(G). 

In the paper [3], Baer proved that Intj^(G) coincides with the hypercentre Zoo(G) = Zji{G) of 
G. But in general, Zx{G) < Intx(G) even when X = U and G is soluble (see Example 5.13 below). 

L.A. Shemetkov asked in 1995 at the Gomel Algebraic Seminar the following question (the for- 
mulation of this question was also given in [Jj p. 41]): What are the non-empty hereditary saturated 
formations 3" with the property that for each group G, the equahty 

Ii2tj(G) = Zj{G) (*) 

holds? Our main goal here is to give an answer to this question. 

A class 3" of groups is said to be a formation if either 3" = or 3~ / and for any group G, 
each homomorphic image of G/G'^ belongs to 3". A formation 3" is said to be: saturated if G G 3" 
whenever G/^{G) G 3"; hereditary \i H ^"J whenever H < G G 3'. 

Let 3" be a saturated formation with vr(3') ^ 0. Then for any p G vr(3') we write 3'(p) to denote 
the intersection of all formations containing the set {G/Opi^p{G) \ G G 3"}, and let F{p) denote the 
class of all groups G such that G"^^^^ is a p-group. 

Remark. We will show (see Lemma 2.1 below) that the function / of the form 

/ : P — 7- {group formations}, 

where f{p) = F{p) for all p G 7r(3"), and f{p) = for all p ^ vr(3"), is the canonical local definition 
of 3~ (see p. 361 in [2]). Therefore, our notation F{p) follows the terminology of [21 Chapter IV]. 

Definition. Let 3" be a hereditary saturated formation with vr(3") ^ 0. We say that 3" satisfies: 

(1) The boundary condition if for any p G vr(3"), G G 3" whenever G is an i<'(p)-critical group. 

(2) The boundary condition in the class of all soluble groups if for any p G vr(3^), G G 3^ whenever 
G is a soluble F(p)-critical group. 

If 3" is a non-empty formation with vr(3") = 0, then 3" = (1) is the class of all groups G with 
|G| = 1, and therefore for any group G we have .^j(G) = 1 = Intg^(G). For the general case, we 
prove 

Theorem A. Let 3~ be a hereditary saturated formation with tt{3') 7^ 0. Equality (*) holds for 
each group G if and only if 3" satisfies the boundary condition. 

Theorem B. Let 3" be a hereditary saturated formation with 7r(3") ^ 0. Equality (*) holds 
for each soluble group G if and only if 3" satisfies the boundary condition in the class of all soluble 
groups. 

The proofs of Theorems A and B rely on the following general facts on the subgroup Intg^(G). 

Theorem C. Let 3" be a non-empty hereditary saturated formation. Let H, E be subgroups of 
a group G, N a normal subgroup of G and I = Intj-^G). 
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(a) Int^{H)N/N < Intj{HN/N). 

(b) IntsriH) nE< lnty{H n E). 

(c) liH/H nl eS", then G 3". 

(d) IfHGJ, then IH el 

(e) IfN<I, then I/N = Intj{G/N). 

(f) Intj{G/I) = 1. 

(g) If every 3'-critical subgroup of G is soluble and ipe{N) < I, then N < I. 

(h) < /. 

It this theorem ipei^) denotes the subgroup of N generated by all its cyclic subgroups of prime 
order and order 4 [S]. 

We prove Theorems A, B and C in Section 3. In Section 4 it is shown that the formation of all 
nilpotent groups, the formation of all p-decomposable groups (for any prime p), and the formation 
of all groups G with G' < F(G) satisfy the boundary condition, and that the formation of all soluble 
groups of nilpotent length at most r (for any fixed r € N) satisfies the boundary condition in the 
class of all soluble groups. We also consider here some classes of saturated formations which do 
not satisfy the boundary condition. Finally, in Section 5, some further applications of the subgroup 
lnt3r(G) are discussed. 

All unexplained notation and terminology are standard. The reader is referred to [2], [6] and [7] 
if necessary. 

2 Preliminaries 

The product of the formations M and "K is the class of all groups G such that G'^ G M. We use 
to denote the class of all vr-groups. In particular, we write Sp to denote the class of all p-groups 
if vr = {p}, p is a prime. The product of any two formations is itself a formation [21 Chapter IV, 
Theorem 1.8]. Therefore, if 3" is a saturated formation and if p G '^(3')) then F{p) = Sp3"(p) is a 
formation. 

A function / : P — )■ {group formations} is called a formation function. The symbol LF{f) 
denotes the collection of all groups G such that either G = 1 or G ^ 1 and G /Gg{H / K) S f{p) for 
every chief factor H/K of G and every p G Tr{H/K). A formation function / is called integrated if 
fip) Q FF{f) for all primes p, and full if f{p) = 9pfip) for all primes p. If for a formation 3" we have 
3" = LF{f), then / is called a local definition of 3". It is well known that Opi^p{G) = r\{GG{H / K) \ 
H/K is a chief factor of G and p G Tr{H/K)}. Therefore, G G 3" = LF{f) if and only if either G = 1 
or G / 1 and G/Op>^p{G) G f{p) for all p G 7r(G). 

Lemma 2.1. Let "J be a non-empty saturated formation. Then 3" = LF{f), where f{p) = 
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F{p) C 3" for all p € 7r(3"), and f{p) = for all primes p vr(3"). 
Proof. Define a function t as follows: 




0, if p ^ ^(3") 



Let M = LF{t). Then 3" C M. On the other hand, by the Gaschiitz-Lubeseder-Schmid theorem 
[21 Chapter IV, Theorem 4.4], there is a formation function h such that 3" = LF{h). Moreover, 
t{p) < h{p) for all primes p and therefore M C 3". Hence 3" = M = LF{t). Now the assertion follows 
from Proposition 3.8 (a) in [21 Chapter IV]. 

From Theorem 17.14 in [1] we get 

Lemma 2.2. Let H he a non-empty saturated formation. A chief factor H/K of a group G is 
J-central in G if and only if G/Gg{H/K) G F{p) for all primes p G ^{H/K). 

In view of Lemma 2.1 and Proposition 3.16 in [2, IV] we have 

Lemma 2.3. Let 3" be a hereditary saturated formation. Then for any prime p G vr(3'), the 
formation F[p) is hereditary. 

We shall need in our proofs a few facts about the 3"-hypercentre. 

Lemma 2.4. Let 'J he a non-empty saturated formation. Let G he a group and H < G. 

(1) IfH is normal in G, then Z'j{G)H/H < Zy{G/H) 

(2) If -J is hereditary then Zy{G) nH < Zj{H). 

(3) IfG/Zj{G) G 3-, then G G J. 

Proof. (1) This follows from the G-isomorphism Zj-{G)H/ H ~ Z-jiG) j Z'^iG) PI Fl since for any 
two G-isomorphic chief factors BjK and TjL of G we have x {G/Cg[H/K)) ~ (T/L) x 

(G/Gg(T/L)). 

(2) Let 1 = Zq < Zi < . . . < Zt = Zj(G) be a chief series of G below Zj{G) and Gj = 
CciZi/Zi^i). Let p be a prime divisor of \Zi n H/Zi^i r\H\ = \Zi^i{Zi n H)/Zi^i\. Then p divides 
|Zi/Zi„i|, so G/Gi < F{p) by Lemma 2.2. Hence by Lemma 2.3, H/HnG^ ~ CiH/Gi G F{p). But 
ii" n Gi < GH(^i n H/Z,^i n i/). Hence H/CniZi n if/Zi-i n iJ) G for all primes p dividing 
\Zi n H/Zi^i n F|. Thus Zj{G) DH < Z'j{H) by Lemma 2.2 and [21 Chapter A, Theorem 3.2]. 

(3) This follows from Lemmas 2.1, 2.2 and the Jordan-Holder theorem [2j Chapter A, Theorem 
3.2 ]. 

The following lemma is a corollary of general results on /-hypercentral action (see [2^ Chapter 
IV, Section 6]). For reader's convenience, we give a direct proof. 

Lemma 2.5. Let 3" be a saturated formation. Let E he a normal p-suhgroup of a group G. If 
E < Zy{G), then G/Cg{E) G F{p). 
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Proof. Let 1 = Eq < Ei < . . . < Et = E he a chief series of G below E. Let Ci = CciEi/ Ei^i) 
and C = Ci n . . . n Cf Then Cg{E) < C and so C/Cg{E) is a p-group by Corollary 3.3 in [H 
Chapter 5]. On the other hand, by Lemma 2.2, G/d G F{p), so G/C G F{p). Hence G/Cg{E) G 

Lemma 2.6. Let G he a group and p a prime such that Op{G) = 1. If G has a unique minimal 
normal subgroup, then there exists a simple ¥pG-module which is faithful for G. 

Proof. Let Cp be a group of order p. Consider A = CplG = K yi G, the regular wreath product 
of Gp with G, where K is the base group of A. Let 

l = Ko<Ki<...<Kt = K, (*) 

where Ki/Ki^i is a chief factor of A for all i = 1, . . . , t. Let C, = GA{Ki/ Ki-i), N a minimal 
normal subgroup of G and C = Ci PI . . . n Cf. Suppose that GiTxG 1 for all i = 1, . . . , t. Then 

< C n G. Hence stabilizes Series (*), so is a p-group by Corollary 3.3 in ^8, Chapter 5], 
which implies N < Op(G). This contradiction shows that for some i we have GciKi/Ki-i) = 1- The 
lemma is proved. 

Lemma 2.7. Let 3" be a non-empty saturated formation. 

(1) If for some prime p we have 3" = 9p3", then F{p) = 1. 

(2) If H = J{'K for some non-empty formation IK, tiien F(p) = 9pIK for all primes p. 

Proof. (1) By Lemma 2.1, F{p) C 3", so we need only prove that 3" C F{p). Suppose that this 
is false and let A be a group of minimal order in 3\F{p). Then A^^^'^ is a unique minimal normal 
subgroup of A and Op{A) = 1. By Lemma 2.6 there is a simple Fp^-module P which is faithful 
for A. Then G = P x A G gp3' = J, so yl ~ G/P = G/Opi^p{G) G a contradiction. Thus 

F{p) = J. 

(2) The inclusion F{p) C 'jp'K is evident. Suppose that SpIK ^ F{p) and let ^ be a group of 
minimal order in JipliS^F {p) . Then ^^(p) is a unique minimal normal subgroup of A and Op{A) = 1. 
Hence A G IK and there exists a simple Fp A- module P which is faithful for A. Then G = P x ^ G 
9pIK C 3", so A ~ G/P = G / Dpi ^p{G) G P(p), a contradiction. The lemma is proved. 

Lemma 2.8 [9l Chapter VI, Theorem 25.4]. Let "J he a saturated formation. Let G he a group 
whose "J -residual G^ is soluhle. Suppose that every maximal subgroup of G not containing G^ 
belongs to 3". 

(a) P = G^ is a p-group for some prime p and P is of exponent p or of exponent 4 (if P is a 
non-ahelian 2-group). 

(b) P/$(P) is a chief factor of G and {P/^{P)) x (G/Gg(P/$(P))) J. 

Let H and K be subgroups of a group G. If HK = G, then K is called a supplement of H in G. 
If, in addition, HT ^ G for all proper subgroups T of K, then K is called a minimal supplement of 
F in G. 
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Lemma 2.9. Let 3' be a hereditary saturated formation. Let N < U < G, where N is a normal 
subgroup of a group G. 

(i) If G/N S 3" and V is a minimal supplement of N in G, then V (z S'. 

(ii) If U /N is an J-maximal subgroup of G/N, then U = UqN for some J-maximal subgroup Uq 
ofG. 

(iii) If V is an 3'-maximal subgroup of U, then V = H OU for some H-maximal subgroup H of 

G. 

Proof, (i) It is clear that VnN < ^{V). Hence from V/V n iV ~ VN/N = G/N G 3" we have 
y G 3" since 3" is saturated. 

(ii) Let y be a minimal supplement of in U. Then y G 3" by (i). Let Uq be an 3"-maximal 
subgroup of G such that V < Uq. Then UqN/N ~ Uq/Uo n iV € J and U/N < UqN/N. Hence 
U = UqN. 

(iii) Let H be an 3"-maximal subgroup of G such that V < H. Then V < H CiU G 3' since 3" is 
hereditary, which implies V = H CiU . 

Lemma 2.10. Let 3" be a saturated formation with p € '7r(3~). Suppose that G is a group of 
minimal order in the set of all F{p)-critical groups G with G 3". Then Op{G) = 1 = ^{G) and G^ 
is a unique minimal normal subgroup of G. 

Proof. Let be a minimal normal subgroup of G. Then G/N E 3". Indeed, suppose that 
G/N 3". Since F{p) is a formation, and F{p) C 3" by Lemma 2.1, it follows that G/N F{p) 
and that every maximal subgroup of G/N belongs to F[p). Thus G/N is an F(p)-critical group 
with G/N ^ J. But then |G/iV| < \G\ contradicts the minimality of G. Hence G/N G 3". Since 
3" is a saturated formation, = G^ is a unique minimal normal subgroup of G and <J>(G) = 1. 
Suppose that N < Op{G) and let M be a maximal subgroup of G such that G = NM. Then 
G/N ~ M/N nM e F{p) = SpF{p), so G < F{p) C J. This contradiction shows that Op{G) = 1. 

Lemma 2.11 ^ Chapter 1, Lemma 4.4]. Let L be a normal subgroup of a group G such that 
L < ^{G). If G/L has a normal Hall ir-subgroup, then does G. 

Lemma 2.12 \10\ Lemma 2.2]. Let p ^ q be primes dividing the order of a group G, P a Sylow 
p-subgroup ofG. If every maximal subgroup of P has a q-closed supplement in G, then G is q-closed. 

The following lemma is well known. 

Lemma 2.13. Let A and B be proper subgroups of G such that G = AB. Then A^B = G and 
G / AA"" for all x£G. 

3 Proofs of Theorems A, B and C 

Proof of Theorem C (a) First we suppose that H = G. If U/N is an 3"-maximal subgroup of G/N, 
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then for some J'-maximal subgroup Uq of G we have U = I/qN by Lemma 2.9 (ii). Let Intgr(G/7V") = 
Ui/N n . . . n Ut/N, where Ui/N is an J'-maximal subgroup of G/N for alH = 1, . . . , t. Let Vi be an 
ff'-maximal subgroup of G such that Ui = ViN. Then I < Vi f] . . . nVf, so IN/N < Intgr(G/Ar). 

Now let H be any subgroup of G. And let / : H/HDN HN/N be the canonical isomorphism 
from H/H H N onto HN/N. Then f{liAj{H/H n iV)) = Intgr(FA^/iV) and f{Int^{H){H n N)/{H n 
iV)) = Intj(iJ)A^/iV. But from above we have Int^{H){H N)/{H N) < Intj(i?/i7 n N). Hence 
lnt3^{H)N/N < liit^{H N/N). 

(b) If V is any 3'-maximal subgroup of H, then V = H OU for some 9"- maximal subgroup U of 
G by Lemma 2.9 (iii). Thus there are 3^-maximal subgroups Ui, . . . ,Ut of G such that Intj(i7) = 
Uin...nUtnH, hence I D H < Intsrl^H) and Intj(if) n = Intgr(i7) n (i7 n ^) < Intj(if n E). 

(c) First we suppose that H = G. Let ?7 be a minimal supplement of / in G. Then ?7 € !F by 
Lemma 2.9 (i). Let V be an 3"-maximal subgroup of G containing U. Then G = lU =< V ^ "J. 
Finally, in the general case we have I H H < Intg:-(iJ) by (b), so from H/H Pi / € 3" we deduce 
H/lniy{H) £ 3- and hence F € 3". 

(d) Since H eJ, HI /I ~ H/H n I G J. By (b), I < lnty{HI). Hence HI/Inty{HI) G J. Thus 
HI GS'hj (c). 

(e) In view of Lemma 2.9 (ii) it is enough to prove that if U is an 3^-maximal subgroup of G, then 
U/N is an 3"-maximal subgroup of G/N. Let U/N < X/N, where X/N is an 3"-maximal subgroup 
of G/N. By Lemma 2.9 (ii), X = UqN for some ff'-maximal subgroup Uq of G. But N < Uo, so 
U/N < Uo/N and hence U = Uo. Thus U/N = X/N. 

(f) This follows from (e). 

(g) Suppose that this assertion is false and let G be a counterexample with |G||A^| minimal. Then 
there is an 3^-maximal subgroup UoiG such that N ^U. Let E = NU. Then E/N ~ U/UnN G 3^. 
By (b), ipeiN) <lr)E< Int3r(£;). Suppose that E ^ G. Then N < lnt^{E) by the choice of (G, AT), 
so G/Intgr(E) G Hence E e ^ hy {c), so U = E. Therefore N < U, & contradiction. Thus 
E = G. Let M be any maximal subgroup of G. We show that M e 3^. Since tpei^ Ci M) < tpe{N), 
i/jeiN n M) < I n M. Hence i/^eiN n M) < Int:r(M) by (b). Therefore NnM < Int3r(M) by the 
choice of (G,iV). Note also that M/M n iV G J. Indeed, if A < M, then M/N < G/N G J. On 
the other hand, if g M, then M/M n A ~ NM/N = G/N e3' since J is hereditary. Therefore 
M G 3~ by (c). Hence I = $(G) and G is an S'-critical group. Since G/N G J, Ve(G^) < V^e(A) < /. 
Thus for any x G G^\$(G^) we have x G V'e(A^) <I = $(G) by Lemma 2.8. Therefore G^ < $(G), 
so J = G G 5", a contradiction. Hence we have (g) . 

(h) Let Hhea subgroup of G such that H eS". Then HZj{G)/Z^{G) ~ H/H n Z^{G) G J and 
%(G) < Zy{HZy{G)) by Lemma 2.4 (2). Hence HZy{G) G J by Lemma 2.4 (3). Thus Zj(G) < /. 

Proof of Theorem A. First we suppose that 3" satisfies the boundary condition. We shall 
show that for every group G we have Z'j{G) = Int3^(G). Suppose that this is false and let G be a 
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counterexample with minimal order. Let Z = Zy{G) and I = Int3r(G). Then Z < I hy Theorem C 
(h) , so 7 7^ 1 and G ^3^. Let AT be a minimal normal subgroup of G, L a minimal normal subgroup 
of G contained in I. 

(1) IN IN < Zy{G/N) = Inty{G/N). 

Indeed, by Theorem C (a) we have IN/N < Intgr[G/N). On the other hand, by the choice of G, 
lnts{G/N) = Z^{G/N). 

(2) L^Z. 

Suppose that L < Z. Then Z/L = %(G/L) and I/L = Int5(G/L) by Theorem C (e). But by 
(1), Zj{G/L) = Intj(G/L). Hence I/L = Z/L, so 7 = Z, a contradiction. 

(3) If L < M < G, then L < Zj-{M). 

Let V be any 3"-maximal subgroup of M. Then V = H D M for some 3"-maximal subgroup H of 
G by Lemma 2.9 (iii). Hence L is contained in the intersection of all 9"-maximal subgroups of M. 
But |M| < |G|, so Intj(M) = %(M) by the choice of G. Hence L < Zy{M) 

(4) L = N is a unique minimal normal subgroup of G. 

Suppose that L ^ N. From Theorem C (a) and (1) wc deduce that NL/N < Zy{G/N), so from 
the G-isomorphism NL/N ~ L wc obtain L < Z, which contradicts (2). 

(5) L^$(G). 

Suppose that L < $(G). Then L is a p-group for some prime p. Let G = Cg{L). Let M be any 
maximal subgroup of G. Then L < M, so L < Z'j[M) by (3). Hence M/M fl G G F{j>) by Lemma 
2.5. If G ^ M, then G/G = GM/G ~ M/M n G € so L < %(G) by Lemma 2.2, contrary 

to (2). Hence G < M for all maximal subgroups M of G, so G is nilpotent. Therefore in view of 
(4), G is a p-group since G is normal in G. Hence for every maximal subgroup M of G we have 
M G %F{p) = F{p). By Lemma 2.1, F{p) C 9^. Hence G g F{p) and so G is an F(p)-critical group. 
But 3' satisfies the boundary condition and so G G 3^, a contradiction. Hence we have (5) . 

(6) L is not abelian. 

Suppose that L is abelian. Then from (4) and (5) we deduce that G = L xi M for some maximal 
subgroup M of G and G = Cg{L) = L. Let £^ be a maximal subgroup of M, V = LE. Then by 
(3), L < so T; ~ V/L = V/Cv{L) e F{p) by Lemma 2.5. Hence M G since satisfies the 

boundary condition. But L < 7, so G G 9^ by Theorem A (c) , a contradiction. 

The Gnal contradiction for the sufficiency. 

Let p G 7r(L). First we show that each maximal subgroup M of G containing L belongs to F{p). 
By (3), L < %(M). Let 

1 = Lq < Li < ... < Ln = L (*) 

be a chief series of M below L. Let Gj = CM{Li/Li-i) and G = Gi fl . . . fl G„. Since by Lemma 2.2, 
M/Ci G F{p) for alH = 1, . . . , n, M/C G F{p). By (4), L is a unique minimal normal subgroup of 
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G and L is non-abelian by (6). Hence Cg{L) = 1, so for any minimal normal subgroup i? of M we 
have R < L. Suppose that C ^ 1 and let i? be a minimal normal subgroup of M contained in C. 
Then R < L and R < Ca{H/K) for each chief factor H/K of M by [H Chapter A, Theorem 3.2]. 
Thus R is abelian and hence L is abelian. This contradiction shows that C = 1, so M € F[p). 

Now let [/ be a minimal supplement of L in G, V a maximal subgroup of U . Then LV ^ 
so LV < T for some maximal subgroup T of G. Hence T £ F{p), so V (z F{p) by Lemma 2.3. 
Therefore every maximal subgroup of U belongs to F{p) C 3". Hence ?7 G 3", so G € 3" by Theorem 
C (c) . This contradiction completes the proof of the sufficiency. 

Now suppose that the equality Z-j{G) = Int3r(G) holds for each group G. We shall show that 3" 
satisfies the boundary condition. Suppose that this is false. Then there is a prime p £ 7r(3') such 
that the set of all F(p)-critical groups A with A 3" is non-empty. Let us choose in this set a group 
G with minimal Then by Lemma 2.10, G"^ is a unique minimal normal subgroup of G and 
Op{G) = 1 = ^{G). Hence by Lemma 2.6, there exists a a simple FpG-module P which is faithful 
for G. Let A = P xi G and M be any maximal subgroup of A. If P ^ M, M ~ A/P ~ G 3". 
On the other hand, if P < M, M = M n PG = P(M n G), where M n G is a maximal subgroup 
of G. Hence M CiG £ F{p), so M £ SpP(p) = P(p) ^ 3" by Lemma 2.1. Therefore P is contained 
in the intersection of all 3'-maximal subgroups of A. Hence P < Zj(A) by our assumption about 3", 
so G ~ A/P = A/Ga{P) G P{p) ^ 3" by Lemma 2.5. This contradiction completes the proof of the 
result. 

Proof of Theorem B. See the proof of Theorem A. 

4 Some classes of formations satisfying the boundary condition 

Classes of soluble groups with limited nilpotent length. Following ^ Chapter VH, Definitions 
6.9] we write Z(G) to denote the nilpotent length of the group G. Recall that ^vf is the product of r 
copies of !N; is the class of groups of order 1 by definition. It is well known that W is the class 
of all soluble groups G with /(G) < r. It is known also that W is a hereditary saturated formation 
(see, for example, [21 p. 358]). 

Proposition 4.1. For any r G N, the formation 'W satisfies the boundary condition in the class 
of all soluble groups. The formation ?sf satisfies the boundary condition. 

Proof. We proceed by induction on r. Let 3^ = W , "K = INf^-*^. It is clear that 3" = JsflK, so 
F{p) = 'NpJi for all primes p by Lemma 2.7 (2). If r = 1, then for any prime p we have F{p) = !Np, 
so 3" = !N satisfies the boundary condition. 

Now suppose that r > 1. Assume that 3" does not satisfy the boundary condition in the class of 
all soluble groups. Then there is a prime p such that the set of all soluble P(p)-critical groups A 
with ^ ^ 3" is non-empty. Let G be a group of minimal order in this set. Then Op(G) = 1 = ^{G) 
and R = G^ is a unique minimal normal subgroup of G by Lemma 2.10. Hence G is a primitive 
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group and R is a g-group for some prime q ^ p- Therefore G = R xi M for some maximal subgroup 
M of G and i? = Cg{R) = F{G) by Theorem 15.2 in ^ Chapter A]. 

Let Ml be any maximal subgroup of M. Then RMi G F{p) = y^pJi. Since R = CciR), 
Og'iRMi) = 1. Hence Oq'^g{RMi) = Oq{RMi) and Op{RMi) = 1. Therefore RMi G 'K. Let 
H(^q) = Sg'^iq), where ^(q) is the intersection of all formations containing the set {A/Op/^ p(^) I 
A £ Ji}. Then by Lemma 2.7, H{q) = ^T^'-^. Hence Mi/Mi n ROg{Mi) ~ RMi/ROg{Mi) = 
RMi/Og{RMi) = RMi/Oq>^q[RMi) G ^^ST'-^. Thus Mi G JM'g?^'-^^ Therefore every maximal 
subgroup of M belongs to H{q). By induction, !K = X*""^ satisfies the boundary condition in the 
class of all soluble groups. Therefore M G ^K, so G = i? xi M G 3" = Ji"^ . This contradiction completes 
the proof of the proposition. 

We use P to denote the set of all primes. 

Proposition 4.2. Let {tTj | i G /} be a partition of P, and 3" the class of all groups G of the form 
G = Ai^ X ... X Ai^, where Ai. is a Hall TTi. -subgroup of G, ii, . . . ,it G /. Tiieu 9" is a hereditary 
saturated formation satisfying the boundary condition. 

Proof. It is clear that the class 3~ is closed under taking subgroups, homomorphic images and 
direct products. Hence 3" is a hereditary formation. Moreover, in view of Lemma 2.11 this formation 
3" is saturated. We show that for any prime p G vTj, F{p) = Sm- Clearly F{p) C 3^.. Suppose that 
the inverse inclusion is not true and let A be a group of minimal order in STr-\F{p). Then ^^(p) is a 
unique minimal normal subgroup of A and Op{A) = 1. Hence there is a simple Fp^- module P which 
is faithful for A by Lemma 2.6. Then G = P x ^ G S^, C 3", so ^ ~ G/P = G/Op>.p{G) G F{p). 
This contradiction shows that F{p) = Sm- Now let G be any F(p)-critical group. Then |G| = q for 
some prime q ^ TTi and so G G 3". Hence 3" satisfies the boundary condition. 

Proposition 4.3. Let {vrj | i G /} be a partition of P, and 3" the class of all soluble groups G 
of the form G = Ai^ x . . . x Ai^, where A^. is a Hall Hi .-subgroup of G, ii, . . . ,it G /. Tfieii 3" is a 
hereditary saturated formation satisfying the boundary condition in the class of all soluble groups. 

Proof. See the proof of Proposition 4.2. 

Lattice formations. A subgroup H is said to be 3'-subnormal in a group G if either H = G or 
there exists a chain of subgroups 

H = Ho < Hi < ... < Ht = G 

such that Hi-i is a maximal subgroup of Hi and Hi/ {Hi^ijH^ G 3" for alH = 1, . . . , t [7l P- 236]. 

A formation 3" is said to be a lattice formation (see [TJ Section 6]) if the set of all 3"-subnormal 
subgroups is a sublattice of the lattice of all subgroups in every group. 

Proposition 4.4. Every lattice formation 3" with C 3" C § is a hereditary saturated formation 
satisfying the boundary condition in the class of all soluble groups. 

Proof. This follows from Proposition 4.3 and Corollary 6.3.16 in [7]. 
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Proposition 4.5. Let 3" he the class of all groups with G' < F{G). Then 3" is a hereditary 
saturated formation satisfying the boundary condition. 

Proof. It is clear that 3" is a hereditary formation and 3" is saturated by Theorem 4.2 d) in \19\ 
Chapter III]. Moreover, 3" = J^A, where A is the formation of all abelian groups. Hence by Lemma 
2.7 (2), F{p) = SpA for all primes p. Assume that 3" does not satisfy the boundary condition. Then 
for some prime p, the set of all F(p)-critical groups A with A ^ H is non-empty. Let G be a group 
of minimal order in this set. Then Op{G) = 1 = ^{G) and L = G^ is a unique minimal normal 
subgroup of G by Lemma 2.10. Hence G is a primitive group. 

First we show that G is soluble. Suppose that this is false. Let q ^ p he any prime divisor of 
Suppose that G is not g-nilpotent. Then G has a g-closed Schmidt subgroup H = Q yi R [191 
Chapter IV, Satz 5.4], where Q is a Sylow Q'-subgroup of H, R is a cyclic Sylow r-subgroup of H. 
Since G is not soluble, H ^ G. Hence H < M € F{p) for some maximal subgroup M of G. Since 
M G Sp^l, M' < Op{M) and hence H' < QnOp{H) = 1. Therefore H is abehan. This contradiction 
shows that G is g-nilpotent for all primes q ^ p, so G'^ is a Sylow p-subgroup of G. Hence G is 
soluble. Therefore L = Gg{L) = F{G) is a g-group for some prime q^ p and G = L xi M for some 
maximal subgroup M of G by Theorem 15.2 in [21 Chapter A]. Let Mi be any maximal subgroup of 
M. Then LMi E F{p), so LMi is abelian since L = Cg{L). Hence Mi = 1, so G' = L is nilpotent. 
Therefore G € 3". This contradiction completes the proof of the result. 

A group G is called a p-decomposable G = P x H, where P is the Sylow p-subgroup of G. 

Corollary 4.6. Let 3" be one of the following formations: 

(1) the class of all nilpotent groups (Baer [3]); 

(2) the class of all groups G with G' < F{G); 

(3) the class of all p-decomposable groups (p is a prime). 
Then for each group G, Zj{G) = Int:f{G). 

Corollary 4.7. Let 3" be one of the following formations: 

(1) the class of all soluble groups G with 1{G) < r (r € N) (Sidorov [4]); 

(2) any lattice formation 3" with [N" C 3" C §. 
Tiieri for each soluble group G, Z-j{G) = Int-j{G). 

Some classes of formations not satisfying the boundary condition. We end this section 
with some examples of saturated formations which do not satisfy the boundary condition. 

Lemma 4.8 Let 3" be any non-empty saturated formation. Suppose that for some prime p we 
have F{p) = 3". Then 3" does not satisfy the boundary condition. 

Proof. Indeed, in this case every 3'-critical group is also -F(p)-critical. 

Corollary 4.9 Let p be a prime and 3~ is one of the following formations: 
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(1) the class of all p-soluble groups; 

(2) the class of all p-supersoluble groups; 

(3) the class of all p-nilpotent groups; 

(4) the class of all soluble groups. 

Then does not satisfy the boundary condition. 

Proof. It is clear that for any prime q p we have = Sq9^- Hence F{q) = 5" by Lemma 2.7 
(1). Now we use Lemma 4.8. 

5 Further applications 

Based on the subgroup Intgr(G) you can achieve the development of many well-known results. The 
observations in this section are partial illustrations to this. 

A solubility criterion. It is clear that Ints(G) is the radical R{G) of G, that is, the largest 
soluble normal subgroup of G. 

Theorem 5.1. Suppose that a group G has three subgroups Ai, A2 and whose indices 
\G : Ai\, \G : \G : A^l are pairwise coprime. If A^ n Aj < R{Ai) D R{Aj) for all i / j, then G is 
soluble. 

Proof. Assume that this theorem is false and let G be a counterexample of minimal order. Fist 
we shall show that Aj (1 Aj ^ 1 for all i ^ j. Suppose, for example, that Ai n A2 = 1. Then Ai and 
A2 are Hall subgroups of G. Hence, for any prime p dividing \G : A3I, p either divides |G : Ai| or 
divides \G : A2I. The contradiction shows that |G : A3I = 1, that is, G = A3. Therefore Ai, A2 are 
contained in R{G). It follows that G = A1A2 = R{G), a contradiction. Therefore Aj n A j 7^ 1 for 
all i 7^ j. 

Now we prove that G/N is soluble for any abelian minimal normal subgroup N of G. Let i ^ j. 
Since N is abelian, iV is a p-group for some prime p. Hence either AT < Aj or AT < Aj . In the former 
case we have 

Ai/N n AjN/N = N{Ai n Aj)/N < N{R{Ai) n R{Aj))/N < R{Ai/N) n R{AjN/N) 

by Theorem C (a). Therefore the hypothesis holds for G/N and so G/N is soluble by the choice of 
G. 

Finally, we shall prove that G has an abelian minimal normal subgroup. Since Ai n A2 7^ 1 
and Ai n A2 < R{A2), for some minimal normal subgroup V of A2 we have V < R(A2). Hence 
F is a p-group for some prime p. Then either p does not divide \G : Ai| or p does not divide 
\G : As\. Assume that p does not divide \G : Ai|. Then for some 6 G A2, we have V < A\. Hence 
V = y^"' < Ai n A2 < ii:(A2), which implies that = F^^Ai ^ yAi < follows that 

E = V'^ n A2 < AiH A2 < R{Ai) and E is normal in A2. Hence = £;^2^i = < Ai. It 
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follows that E'-^ = E^^ < {R{Ai))^^ = R{Ai) and so E'^ is soluble. This shows that G has an 
abelian minimal normal subgroup and we have already proved that G/N is soluble, so G is soluble 
contrary to the choice of G. This contradiction completes the proof of the result. 

Corollary 5.2 (Wielandt [llj). If G has three soluble subgroups Ai, A2 and A^ whose indices 
\G : All, \G '■ A2\, |G : ^43! are pairwise coprime, then G is itself soluble. 

Two characterizations of supersolubility. 

Lemma 5.3. Let N be a soluble normal subgroup of a group G, p a prime divisor of \G\ and 
P a Sylow p-subgroup of G. Suppose that P ^ N and that every maximal subgroup M of P has a 
supplement T in G such that T Ci M < Intu{T)MG- Then every maximal subgroup V/N of NP/N 
has a supplement T/N in G/N such that 

(T/N) n (V/N) < lntu{T/N){V/N)G/N 

Proof. We prove the lemma by induction on Let V/N be any maximal subgroup of NP/N 
and L a minimal normal subgroup of G contained in A^. Then L is a g- group for some prime q. 
First suppose that N = L. If q ^ p, then V = L y\ M, for some maximal subgroup M of P. By 
hypothesis, there is a subgroup T such that MT = G and T n M < lni\i{T)MQ. Then L < T, 
G/L = {V/L){T/L) and 

(V/L) n (T/L) = (LM/L) n (T/L) = L{M nT)/L< L\ntu{T)MG/L 

= {LMG/L){L\niu{T)/L) < lntu{T /L){V/L)g/l 

by Theorem C (a). If g = p, then y is a maximal subgroup of P and so for some supplement T of 
y in G we have T nV < lntxi(T)VG- Then G/L = {V / L){LT / L) and, as above, we deduce that 

[V/L) n {TL/L) = L{V n T)/L < lntu{T)VGL/L < lntu{TL/L){V/L)G/L 

Finally, suppose that L ^ N. Obviously, the hypothesis holds for (G/ L, N/L). Hence, by induc- 
tion, every maximal subgroup (V/L) /{N/L) of {PL / L){N / L) / {N / L) has a supplement {T/L) /{N/L) 
in {G/L) /{N/L) such that 

{T/L) /{N/L) n {V/L) /{N/L) < lniu{{T / L) / {N / L)){{V / L) / {N / L))^g/l)/(n/l)- 
Hence from the G- isomorphism G/N ~ {G/L) /{N/L), we obtain 

{T/N) n {V/N) < lntu{T/N){V/N)G/N- 

The lemma is proved. 
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Theorem 5.4. A group G is supersoluble if and only if every maximal subgroup V of every 
Sylow subgroup of G has a supplement T in G such that V (IT < Intu{T)VG- 

Proof. We need only to prove "if" part. Suppose that it is false and let G be a counterexample 
of minimal order. The proof proceeds via the following steps. 

{l)IfV<P<E<G, where P is a Sylow p-subgroup of G and V is a maximal subgroup of P, 
then V has a supplement T in E such that T OV < Intu{T)VE- 

Indeed, let 5 be a supplement of F in G such that S n ^ < lntii{S)VG- Then T = S" n -E is a 
supplement of y in ii^ and 

vr\T = vnSnE < intu{S)VG nE = (intu(5) n e)Vg < intu(5 n e)Ve = intu(r)yE 

by Theorem C (b). 

(2) G/N is supersoluble, for every abelian minimal normal subgroup N of G. 

By Lemma 5.3, the hypothesis is true for G/N. Hence G/N is supersoluble by the choice of G. 

(3) G is soluble. 

In view of (2), it is enough to prove that G has a non-identity soluble normal subgroup. Suppose 
that this is false. Then for every maximal subgroup V of any Sylow subgroup of G we have Vg = 1- 
Let p be the smallest prime dividing \G\ and P a Sylow p-subgroup of G. If [P[ = p, G has 
a normal p-complement E by [191 Chapter IV, Theorem 2.8]. On the other hand, by (1), the 
hypothesis holds for E. Hence E is supersoluble, which implies the solubility of G. Hence |P| > p. 
li V < Int'u(G) for some maximal subgroup V of P, then Intu(G) ^ 1 and so G has a non- identity 
soluble normal subgroup. Therefore every maximal subgroup y of P has a supplement T in G such 
that T / G and T n y < Vblntu(T) = IntTx(r). We claim that T is supersoluble. UTnV = 1, 
then \Tp\ = p, for a Sylow p-subgroup Tp of T. Hence T supersoluble by (1) and the choice of 
G. Now assume that for some maximal subgroup V of P we have 1 ^ T r\V < Intu(r). Since 
|PnT : V f^T\ = [y(PnT) : y[ = |P : y[ = p, the order of a Sylow p-subgroup of T/Intu(T) divides 
p. Hence the hypothesis holds for T /\ni-\x{T) by (1) and Lemma 5.3. But since T ^ G, T/Intu(T) 
is supersoluble by the choice of G. It follows that T is supersoluble by Theorem C (c). Therefore, 
our claim holds. This shows that every maximal subgroup of P has a supersoluble supplement in G. 
By Lemma 2.12, we see that G has a normal Sylow g-subgroup for some prime q dividing |G|. This 
contradiction completes the proof of (3) 

(4) G = N yi M, where N = Gg{N) = Op{G) is a unique minimal normal subgroup of G (p is a 
prime), M is a supersoluble maximal subgroup of G with p divides \M\ and \N\ > p. 

Let be a minimal normal subgroup of G. Since the class of all supersoluble groups is a 
saturated formation, from (2) and (3) we deduce that is a unique minimal normal subgroup of G 
and N ^ ^(G). Hence G is a primitive group , so = Gg{N) = Op{G) = F{G) for some prime 
p by Theorem 15.2 in [2, Chapter A]. Let M be a maximal subgroup of G such that G = N yi M. 
Then M is supersoluble by (2). It is also clear that [A^[ > p. Suppose that A^ is a Sylow subgroup 
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of G and let y be a maximal subgroup of N . Then Vq = 1, so V has a supplement T in G such 
that VT = G and T n y < Intx;(T). But since T fi is normal in G, the minimality of N implies 
that either T = G oi T r\V = 1. In the former case, we have 1 7^ < Int|x(G) and so < Intu(G), 
which implies that G is supersoluble by Theorem C (c). In the second case, |T n = where 
T n is normal in G. Hence iV = n T is a group with |A^| = p. This contradiction shows that 
p|[M|. Therefore (4) holds. 

(5) vr(G) = {p, g}, where p < q. 

Suppose that |vr(G)| > 2. Let q phe a prime divisor of |G|, Q a Sylow g-subgroup of G and P a 
Sylow p-subgroup of G. Since G is soluble, we may assume that Q and P are members of some Sylow 
system of G and so E = PQ is a proper subgroup of G. By (1), the hypothesis holds for E. Hence E 
is supersoluble by the choice of G. If g > p, then Q is normal in E, which contradicts Gg{N) = N. 
Hence p > q for any prime q ^ p dividing |G|. Since G/N is supersoluble, a Sylow p-subgroup W of 
G/N is normal in G/N. Hence W < Op{G/N). By (4), W ^ I. But Op{G/N) = Op{G/Gg{N)) = 1 
(see [22I Appendix, Corollary 6.4]). This contradiction shows that |vr(G)| = 2. In the above proof, 
we also see that p > q is impossible. Therefore (5) holds. 

Final contradiction. Let Pi be a Sylow p-subgroup of M, V a maximal subgroup of a Sylow p- 
subgroup P oi G containing Pi and Mq a Sylow g-subgroup of M. Then N and so Vg = 1. By 
hypothesis, V has a supplement T in G such that VnT < Intu(T). If T = G, then I ^ V < Intu(G). 
Hence A^ < Intu(G) since A^ is the only minimal normal subgroup of G. It follow from (2) that G is 
supersoluble by Theorem C (c), a contradiction. Hence T 7^ G. In this case, as in the proof of (3), 
one can show that T is supersoluble. Hence a Sylow g-subgroup Tg of T is normal in T by (5). But 
Tg is a Sylow subgroup of G. Hence Tg = (Mg)^ for some x G G. Since q > p and M is supersoluble, 
M = NG{Mg). Hence T < A^cC^g) = Ng{M^) = {NG{Mg)f = M^. But then G = VT = = 
VM by Lemma 2.13. It follows that |G| = |F||M|/|FnM| < |F||M|/|Pi| < |M||A^| = |G|. This 
contradiction completes the proof of the result. 

Note that \i H \s a group of G and H either is normal in G, has a complement in G, or has a 
supplement in G with G 3", then H has a supplement T in G such that V r\T < Int'u(r)VG'- 
Hence from Theorem 5.4 we get the following 

Corollary 5.5 (Srinivasan [12j). If the maximal subgroups of the Sylow subgroups of G are 
normal in G, then G is supersoluble. 

Corollary 5.6 (Ballester-Bolinches and Guo [13] ). A group G is supersoluble if every 
maximal subgroup of every Sylow subgroup of G has a complement in G. 

Corollary 5.7 (Guo, Shum and Skiba |14| ). A group G is supersoluble if and only if every 
maximal subgroup of every Sylow subgroup of G has a supersoluble supplement in G. 

In view of Theorem C (h) for every group G we have Z^rl^G) < Inty(G). Hence from Theorem 
5.4 we also get 
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Corollary 5.8 (Guo and Skiba [15j). A group G is supersoluhle if and only if every maximal 
subgroup V of every Sylow subgroup of G either is normal or has a supplement T in G such that 
VnT < Zu{T). 

It is well known that if every minimal subgroup of a group G is normal in G, then the commutator 
subgroup G' of G is 2-closed (Gaschiitz [121 IV, Theorem 5.7]). On the other hand, if G is a group of 
odd order and every minimal subgroup of G is normal in G, then G is supersoluble (Buckley |16j). 
The following theorem covers both these observations. 

Theorem 5.9. A group G is 2' -supersoluble if and only if every minimal subgroup L of G of 
odd order is contained in the intersection of all maximal 2' -supersoluble subgroups of G. 

Proof. Let 3" be the class of all 2'-supersoluble groups and / = Intg-(G) the intersection of all 
maximal 2'-supersoluble subgroups of G. It is well known that the class 3" is a hereditary saturated 
formation (see Chapter VI, Satz 8.6]). Assume that every minimal subgroup L of G of odd order 
is contained in /. We shall prove that G is 2'-supersoluble. Assume that this is false and let G be a 
counterexample of minimal order . 

The hypothesis holds for every subgroup of G by Theorem C (b) . Hence every maximal subgroup 
of G is 2'-supersoluble by the choice of G. Therefore every maximal subgroup of G is soluble. 

First we show that G is soluble. Assume that this is false. Then G = G', and if F = F{G), then 
F = $(G), G/F is a simple non-abelian group and every proper normal subgroup of G is contained 
in F. Hence I = F. It is clear that every maximal subgroup of G/F is soluble and hence by |17j . 
G/F is isomorphic to one of the following groups: PSL2{p) (where p > 3 is a prime such that 
+ 1 = 0(5)), PSL2{3P) (where p is an odd prime), PSL2{2^) (where p is a prime), PSL^{3), a 
Suzuki group Sz{2P) (where p is an odd prime). 

Let r be the largest prime dividing \G/F\ and Gr a Sylow r-subgroup of G. Then r > 3 by 
Burnside's p'^q'^-theorem. Let p be any odd prime dividing \G/F\ and Gp a subgroup of G of order 
p. Then Gp < I = F. Suppose that p < r and let P be a Sylow p-subgroup of F. We show that 
E = PGr^ is nilpotent for all x € G. Suppose that this is false and let H he a Schmidt subgroup of 
E, that is, an X-critical group. Since G is not soluble, E ^ G and hence H is supersoluble. Therefore 
Gr^ is normal in H = P yi Gr^ since p < r, so H is nilpotent. This contradiction shows that PGr^ 
is nilpotent. Hence {{Gr f) = G < Gg{P). Thus P < Z{G) and P < $(G) since F = $(G). Let 
V he a Hall p'-subgroup of F. Then PV/V < Z{G/V) and PV/V < ^{G/V). Hence p divides 
\M{G/F)\, where M{G/F) is the Schur multiplicator of G/F. Since p > 2, it follows that p = 3, 
■k{\M{G/F)\) C {2,3} and 5 divides \G/F\ (see [ig Chapter 4]). Let G3 be a Sylow 3-subgroup of 
G and R the Sylow 5-subgroup of F{G). Since V = RG3 is soluble, V G and so V is supersoluble. 
Hence for any chief factor H/K of V below R we deduce that \V/Gv{H/K)\ divides 4. Therefore 
Cv{H/K) = V , so R < Zooiy) and hence V is nilpotent. Thus R < Z{G), which implies that 5 
divides \M{G/ F)\, a contradiction. Therefore G is soluble. But G is an 3"-critical group. Hence by 
Lemma 2.8, G"^ is a p-group for some odd prime p and ipe{G'^) < /. Thus G G 9" by Theorem C 
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(c)(g). This contradiction completes the proof of the result. 

A nilpotency criterion. In the following theorem, c(G) denotes the nilpotent class of the 
nilpotent group G. 

Theorem 5.10. Suppose that G has three subgroups Ai, A2 and A3 whose indices \G : Ai\, 
\G : A2\, \G : A^l are pairwise coprime. Suppose that Ai n Aj < Zn{Intj^{Ai)) n ZniIntj^{Aj)) for all 
i ^ j. Then G is nilpotent and c{G) < n. 

Proof. Let p be any prime dividing |G|. By hypothesis, there exists i j such that p\ \G : Ai\ 
and p f \G : Aj\. Hence p f |G : j4j n | and so G has a Sylow p-subgroup P such that P<AiriAj < 
Zn{lntj{{Ai)) n Zn{lntj{{Aj)). Since Int>f(Aj) is nilpotent, P is a characteristic subgroup oilntj{{Ai). 
On the other hand, Int>j-(Aj) is characteristic in A^. Hence P is normal in Ai. Similarly, we have 
Aj < Na^{P). Therefore G = AiAj < Ng{P). Thus G is nilpotent and c{P) < n for all Sylow 
subgroups P of G, which implies c(G) < n. 

The theorem is proved. 

Corollary 5.11 (Kegel [20]). If G has three nilpotent subgroups Ai, A2 and A3 whose indices 
\G : Ai\, \G : A2\, \G : A^l are pairwise coprime, then G is itself nilpotent. 

Corollary 5.12 (Doerk |:21j). If G has three abelian subgroups Ai, A2 and A3 whose indices 
\G : Ai\, [G : A2I, |G : are pairwise coprime, then G is itself abelian. 

A question of Agrawal. Recall that a subgroup H of a group G is said to be S-quasinormal 
in G if HP = PH for all Sylow subgroups P of G. The hyper-generalized-center genz*{G) of G 
coincides with the largest term of the chain of subgroups 

i = Qo<Qi<-<Qt<--- 

where Qi{G)/Qi-i{G) is the subgroup of G /Qi-i{G) generated by the set of all cyclic 5-quasinormal 
subgroups of G /Qi-i{G) (see [22l page 22]). In the paper [23 1, Agrawal proved that genz*{G) is 
contained in every maximal supersoluble subgroup of the group G and posed the following question: 
Does there exist a group G with genz*{G) ^ Intu{G)? (see [23l page 19] or [22l page 22]) 

The following example gives a positive answer to this question and shows that there are soluble 
groups G with IntTx(G) 7^ Zii{G). 

Example 5.13. Let Cp be a group of prime order p with |7r(Aut(Cp))| > 1. Let R and L be Hall 
subgroups of Aut(Cp) such that Aut(Cp) = Rx L and for any r E vr(i?) and q E vr(L) we have r < q. 
Let G = {Cp yi R) I L = K X L he the regular wreath product of Cp xi R with L, where K is the 
base group of G. Let P = C^ (we use here the terminology in [2, Chapter A]). Then by Proposition 
18.5 in [21 Chapter A], G is a primitive group and P is a unique minimal normal subgroup of G. 
Hence P = F{G) = Gg{P)- Moreover, by Lemma 18.2 in [2, Chapter A], G = P x M, where 
M ^ U = Rl L = D x L, where D is the base group of U . It is clear that D is a Hall abelian 
subgroup of U and L is a cyclic subgroup of U such that for any r G t^{D) and q € '7r(L) we have 
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r < q. Moreover, since |Aut(Cp)| = p — 1, D and L are groups of exponent dividing p — 1. First we 
show that every supersoluble subgroup W of U is nilpotent. Suppose that this is false and let H be 
a Schmidt subgroup of W. Then 1 < D D H < H , where D (IH is a. Hall normal subgroup of H. By 
[19\ Chapter IV, Satz 5.4], there are primes r and q such that H = Hj. xi Hg, where Hj- is a Sylow 
r-subgroup of H, Hg is a cyclic Sylow g-subgroup of H. Hence D f] H = Hr- Since H < W, H is 
supersoluble and hence r > q. But Q ~ H/D n ~ HD/D is isomorphic with some subgroup of L, 
so r < q. This contradiction shows that W is nilpotent. 

Now we shall show that P < Intjx(G). Let V be any supersoluble subgroup of G and W a Hall 
p'-subgroup of V. Then PV = PW. It is clear that M is a Hall p'-subgroup of G, so for some x € G 
we have W < ~ U^. Hence W is nilpotent since is a subgroup of the supersoluble group 
V. It is clear that the Sylow subgroups of W are abelian, hence W is an abelian group of exponent 
dividing p — 1- Hence PV is supersoluble by [22, Chapter 1, Theorem 1.9]. Therefore P < Intu(G). 

Finally, we show that genz*{G) = 1. Indeed, suppose that genz*{G) ^ 1. Then G has a non- 
identity cyclic 5-quasinormal subgroup, say V. The subgroup V is subnormal in G by [221 Chapter 
1, Corollary 6.3]. Therefore V < F{G) = P hy ^ Chapter A, Theorem 8.8]. Moreover, if Q is a 
Sylow (/-subgroup of G, where q ^ p, then V is subnormal in VQ and so Q < Ng{V). Hence V 
is normal in G and therefore V = P is cyclic. But then \P\ = p = JCp^j, a contradiction. Thus 
genz*{G) = l = Zu{G). 
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Among other results, the paper contains a solution of one open question of Agrawal (this question 
may be also found on page 22 in [ M. Weinstein, Between Nilpotent and Solvable, Polygonal 
Publishing House, 1982]). So I a 
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